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In the investigation of the optical and magnetic properties of 3dN ion impurities in semiconductors,
the contribution of the covalence must be considered. A modified d function (d∗) and two covalent
factors associated with the t2 and e orbitals have been adopted for describing this covalence. We
present the contribution of the covalent factors to the energy matrix of the d∗7 electron and d∗3 hole
system. This suggests that the dN electron system cannot be explained with the d10−N hole system
when the covalence is considered. The calculation of the energy levels by the d∗7 energy matrix
agrees with the experimental finding of ZnSe:Co2+. – PACS numbers: 71.70.Ch, 71.55.Gs
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1. Introduction

Transition metal impurities in semiconductors have
been the subject of many investigations, both ex-
perimental and theoretical. The optical and magnetic
properties of cobalt ion impurities in II-VI and III-V
semiconductor materials have been extensively stud-
ied [1 – 8]. The classical crystal-field theory has been
extensively and successfully applied to the optical and
magnetic properties of ionic compounds. The crystal-
field theory describes d electrons in full d shell. When
N > 5, the dN electron system can be treated as a d10−N

hole system since the difference between the energy
matrix elements of the tm

2 en term of the dN system
(n + m = N) and its complementary t6−m

2 e4−n term of
the d10−N system is the same. This simple relation has
been widely used in the calculation of the energy lev-
els of dN ions (N > 5) in crystals, such as crystal-field
energy levels of Co2+(d7).

As the covalence in these semiconductors is strong,
the classical crystal-field theory may be unsuitable to
explain the optical and magnetic properties uniformly.
There are quite a few works [2, 9 – 12] where two co-
valent factors, Nt and Ne, are introduced to describe the
covalence. Because a semiconductor has a stronger co-
valence than an ionic crystal, it is necessary to consider
a mixed orbital instead of a pure d orbital in calculating
the energy levels. This requires the use of linear com-
bination of atomic orbitals (LCAO) with a modified d
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function (d∗). Because the t2g and eg orbitals do not
have the same values, two covalent factors should be
introduced. Thus the energy matrices of the d ∗N sys-
tem differ from those of the pure dN system.

In this paper we present the energy matrices of the
modified d∗7 and d∗3 systems for strongly covalent host
materials. It is shown that the energy levels of the d∗7

electron system are different from those of the d∗3 hole
system when the difference between the t2g and eg or-
bitals is taken into account. The energy matrix of the
modified d∗7 systems is applied to calculate the energy
levels of Co2+ ions in a ZnSe semiconductor. The cal-
culated energy levels agree with the experimental find-
ing for Co2+ in ZnSe:Co2+.

2. Energy Matrices

2.1. The Energy Matrix of the d∗3 System

In a cubic crystal-field, the one-electron orbit is split
into two parts transforming as the t2g and eg irreducible
representation of the Oh (or Td) point group. The t2g
and eg wave functions may consist of mixed atomic
functions. For covalent crystals we chose the modified
d function (d*)

|γ〉 = Nγ |dγ〉+ λγ |pγ〉, (1)

where γ = t2g or eg is the irreducible representation
of the cubic group, d and p are the central transition
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Table 1. The crystal-field energy matrix for the 3d∗3 electron system.

4T1 t22(
3T1)e t2e2(3A2)

t22(3T1)e
A1 − 5B1 + 2A2 +
2B2 +2Dq+4α 6B3 −4α

t2e2(3A2)
A4 − 8B4 + 2A2 −
4B2 +8Dq+10α

2E t32 t22(
1A1)e t22(

1E)e e3

t32
3A1 − 6B1 + 3C1 −
12Dq+18α −6

√
2B3 3

√
2B3 −6

√
2α 0

t22(
aA1)e

A1 + 10B1 + 5C1 +
2A2 − 2B2 + C2 −
2Dq+10α

−10B2 +4α
√

3(2B2 + C2) −
4
√

3α

t22(
1E)e

A1 + B1 + 2C1 +
2A2 − 2B2 + C2 −
2Dq+16α

−2
√

3B2 −4
√

3α

e3 3A4 − 8B4 + 4C4 +
18Dq+18α

2T1 t32 t22(
3T1)e t22(

1T2)e t2e2(3A2) t2e2(1E)

t32
3A1 − 6B1 + 3C1 −
12Dq+18α 3B3 −6α −3B3 +6α 0 −2

√
3B2 −4

√
3α

t22(
3T1)e

A1 − 5B1 + 2A2 +
5B2 + 3C2 −
2Dq+24α

−3B2 +6α 3B3 +2α −3
√

3B2 +2
√

3α

t22(
1T2)e

A1 + B1 + 2C1 +
2A2 − 7B2 + C2 −
2Dq+18α

−3B3 +6α
√

3B3 +2
√

3α

t2e2(3A2)
A4 − 8B4 + 2A2 +
2B2+3C2+8Dq+22α −2

√
3B2 −4

√
3α

t2e2(1E)
A4 + 2C4 + 2A2 −
2B2 + C2 + 8Dq +
14α

2T2 t32 t22(
3T1)e t22(

1T2)e t2e2(1A1) t2e2(1E)

t32
3A1 + 5C1 − 12Dq +
14α −3

√
3B3 −2

√
3α 5

√
3B3 −2

√
3α 4B2 +2C2 −8α 2B2 +4α

t22(
3T1)e

A1 − 5B1 + 2A2 −
B2 + 3C2 − 2Dq +
18α

−3B2 +6α −3
√

3B3 +2
√

3α −3
√

3B3 +2
√

3α

t22(
1T2)e

A1 + B1 + 2C1 +
2A2 + 3B2 + C2 −
2Dq+14α

√
3B3 +2

√
3α −√

3B3 −2
√

3α

t2e2(1A1)
A4 + 8B4 + 4C4 +
2A2 − 2B2 + C2 +
8Dq+14α

10B2 −4α

t2e2(1E)
A4 + 2C4 + 2A2 −
2B2 + C2 + 8Dq +
14α

(t32)
4A2 = 3A1 −15B1 −12Dq+12α

t22(
3T1)e 4T2 = A1 −5B1 +2A2 −10B2 −2Dq+12α

t22(
1E)e 2A1 = A1 +B1 +2C1 +2A2 −12B2 +C2 −2Dq+20α

t22(
1E)e 2A2 = A1 +B1 +2C1 +2A2 +8B2 +C2 −2Dq+12α

metal d orbital and the valence electron orbital of the
ligand ions, respectively. Nγ are the normalization co-
efficients, λt and λe are the orbital mixing coefficients.
Since the electrostatic repulsion of two t2g electrons is
the same as that of two eg electrons for the pure d or-
bital, we define the two covalent factors Nt and Ne (or

orbital deformation factors) as the ratio between the
electrostatic repulsion of two d∗ electrons and two d
electrons:

N4
t = 〈t2t2‖t2t2〉/〈dd‖dd〉,

N2
t N2

e = 〈t2e‖t2e〉/〈dd‖dd〉,
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N3
t Ne = 〈t2t2‖t2e〉/〈dd‖dd〉,

N4
e = 〈ee‖ee〉/〈dd‖dd〉. (2)

In this process, only the one-electron matrix ele-
ments of the two central metal ions are retained such
as 〈dγdγ

∣∣Ĥ∣∣dγdγ〉 because the d-orbital is dominant.
So these matrix elements, for instance 〈dγdγ

∣∣Ĥ∣∣pγpγ〉
and 〈pγ pγ

∣∣Ĥ∣∣pγpγ〉, are neglected. Both effects of the
change of the d orbital for the crystal and the contribu-
tion of the electrostatic repulsion of the ligand valence
electrons are included in Nt and Ne. Using (2), the elec-
trostatic repulsion, the crystal-field and the Tress cor-
rection term energy matrix of the d∗3 electron system in
the strong-field scheme can be obtained as in Table 1.
From the table one can see that the Racah parameter
A is important for calculating the electrons states when
the covalence has been considered. This, however is
neglected in the classical crystal-field theory. The con-
tribution of the change of the crystal-field parameter
Dq and the Tress correction term to the optical and
magnetic properties is much smaller than that of the
Racah parameters, so the differences from the change
of Dq and the Tress term have been neglected as com-
pared with the Racah parameters A, B and C. The re-
lationship between the Racah parameters in the con-
ventional crystal-field and those in the covalent crystal-
field can be written as

X1 = N4
t X0, X2 = N2

e N2
t X0, X3 = NeN3

t X0,

X4 = N4
e X0, X = A,B,C,

(3)

where A0, B0, C0 denote the Racah parameters of the
free ions.

2.2. The Energy Matrix of the d∗7 System

In the t2 and e electron shell, the t6
2 and e4 terms are

closed-shell configurations. The tm
2 (m ≥ 3) configura-

tion can be considered as the t6−m
2 hole in the t6

2 closed
shell, the en(n ≥ 2) configuration can be treated as an
e4−n hole configuration in the e4 closed shell, since the
same terms occur between t6−m

2 and tm2 configurations
and the e4−n and en configurations. Then the t6−m

2 e4−n

hole configuration can be considered as a complemen-
tary configuration of the tm

2 en electron configuration in
the t62e4 closed shell and has the same terms as the
tm2 en configuration [13, 14]. We can obtain the follow-
ing terms in the d∗7 configuration from the d∗3 config-

uration:

d∗3 : t32(
4A2,

2Ea,
2T1a,

2T2a),
t22e(4T2,

2A1,
2A2,

4T1a,
2Eb,

2Ec,
3T1b,

3T1c,
2T2b,

2T2c),
t2e2(4T1b,

2T1d,
2T1e,

2T2d,
2T2e),

e3(2Ed);
d∗7 : t32e4(4A2,

2Ea,
2T1a,

2T2a),
t42e3(4T2,

2A1,
2A2,

4T1a,
2Eb,

2Ec,
3T1b,

3T1c,
2T2b,

2T2c),
t52e2(4T1b,

2T1d,
2T1e,

2T2d,
2T2e),

t62e1(2Ed).

According to the work by Griffith [15] and Richard-
son and Jassen [16] the non-diagonal electrostatic ma-
trix elements of the complementary states d10−N (N <
5) remain the same as in the dN matrix, but there are
different diagonal matrix elements between the tm

2 and
t6−m
2 configuration, and the en and e4−n configuration.

The simple relation can be written as

〈t6−m
2 e4−n

∣∣Ĥe−e
∣∣ t6−m

2 e4−n〉− 〈tm2 en
∣∣Ĥe−e

∣∣ tm2 en〉
= (3−m)a+ 4(3−m)b+(24−4m−6n)

(
c√
3

+ d

)

+(6−3n)e+(5n−10) f +(2m+ 3n−12)g

+ (2m+ 3l−12)
h√
3
−2(3−m) j, (4)

where the electrostatic parameters a – j are defined ap-
proximately in the following form:

a = (ξ 2,ξ 2) = N4
t (A0 + 4B0 + 3C0),

b = (ξ 2,η2) = N4
t (A0 −2B0 +C0),

c = (θε,ξ 2) = 2
√

3N2
t N2

e B0,

d = (ε2,ξ 2) = N2
t N2

e (A0 −2B0 +C0),
e = (ε2,ε2) = N4

e (A0 + 4B0 + 3C0),
f = (θε,θε) = N4

e (4B0 +C0),
g = (θξ ,θξ ) = N2

t N2
e (B0 +C0),

h = (εη ,θη) =
√

3N2
t N2

e B0,

i = (ηζ ,θξ ) =
√

3N3
t NeB0,

j = (ηζ ,ηζ ) = N4
t (3B0 +C0).

(5)

The cubic crystal field is usually expressed with the
parameter Dq. For the t2g and eg orbitals, the cubic
crystal field can be described with the cubic crystal pa-
rameter Dq such that

〈t2 |Vc| t2〉 = −4Dq, 〈e |Vc|e〉 = 6Dq. (6)
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The cubic crystal-fields for the tm
2 en terms and their

complementary terms t6−m
2 e4−n are

〈tm2 en |Vc| tm2 en〉 = (−4m+ 6n)Dq,

〈t6−m
2 e4−n |Vc| t6−m

2 e4−n〉 = −(−4m+ 6n)Dq.
(7)

The cubic crystal energy for a d∗N system and for a
d∗10−N system can be added to the diagonal matrix el-
ements. From (4) we noted that the difference between
the t6−m

2 e4−n configuration of the d∗7
system and the

tm2 en configuration of the d∗3 system is just same and
got the difference as

G1(t42e3) = (5A1 −10B1 + 5C1)
+ (10A2 −10B2 + 5C2)+ (3A4 −8B4 + 4C4),

G2(t52e2) = (10A1 −20B1 + 10C1)
+ (8A2 −8B2 + 4C2),

G3(t32e4) = (12A2 −12B2 + 6C2)

+ (6A4 −16B4 + 8C4),

G4(t62e) = (15A1 −30B1 + 15C1)

+(6A2 −6B2 + 3C2)− (3A4−8B4 + 4C4).

(8)

Thus, adding these terms from (7) and (8) to the corre-
sponding diagonal matrix elements of the d∗3 electron
system, we can obtain the electrostatic repulsion and
the crystal-field matrix of the d∗7 electron system in
the strong-field scheme form.

It should be pointed out that in the cubic crystal-
field, the energy difference between the 4t2 and 4A2
states is not the usual 10Dq, and this energy difference
connects to covalent factors Nt and Ne, and the Racah
parameters A0, B0 and C0. In a d∗3 system, the energy
difference can be written as

E
[4T2(t22e)

]−E
[4A2(t32)

]
= 2(A2 −A1)

+ 10(B1 −B2)+ 10Dq,
(9a)

and in a d∗7 system, the energy difference is

E
[4T2(t42e3)

]−E
[4A2(t32e4)

]
=

3(A1 −A4)+ 8(B4−B2)
+(5C1 −C2 −4C4)−10Dq.

(9b)

Therefore, Dq cannot be obtained simply from the
energy difference between the 4T2 and 4A2 states for
both d∗3 and d∗7 systems. The difference can be ob-
tained from experimental data of the optical spectra.

3. The Energy Levels of the d*7 Electron and d*3

Hole System

The Racah parameters A0, B0 and C0 of a Co2+ ion
have been determined experimentally [15, 17] as

A0 = 16118 cm−1, B0 = 1115 cm−1,

C0 = 4366 cm−1.
(10)

A parameter ε is introduced to describe the difference
between the covalent factors Nt and Ne, that is

ε = 1−N2
t /N2

e (11)

for the d∗N ion in a tetrahedral crystal-field [8]. As
the covalence increases, the ratio of the two factors
Nt and Ne decreases and the difference between them
increases. Therefore, ε increases with increasing co-
valence. When the contribution from the covalence is
ignored, putting the covalent parameter N t = Ne, the
energy level matrix can be reduced to the classical
crystal-field result, and the energy levels can be cal-
culated by a d3 hole system instead of the d7 electron
system.

The energy levels of Co2+ can be calculated using
the matrix of Table 1 for the d∗3 hole system as well as
using the matrix for the d∗7 electron system as a func-
tion of ε and the covalent factor Ne. The variations of
energy levels for the Co2+ ion versus ε for d∗7 elec-
tron and for the d∗3 hole systems are shown in Figs. 1
and 2, respectively. (We have chosen only thirteen en-
ergy levels for clarity in these figures.)

It is worth noting that the values of the 4T2, 4T1a
and 4T1b levels for the d∗7 electron system decrease
rapidly with the increase of ε in Fig. 2, whereas they
do not for the d∗3 hole system in Figure 1. For large ε,
4T2 may turn into the ground state when Co2+ is con-
sidered with a d∗7 electron system, whereas 4T2 will
remain as its ground state when Co2+ is explained with
a d∗3 hole system. Since ε describes the difference be-
tween the t2 and e orbitals, a larger ε means a stronger
covalence and a larger difference between N t and Ne.
When ε = 0 (a pure dN system), the contribution of the
Racah parameter A is zero and a d7 electron system can
be explained with a d∗3 hole system. As ε increases, the
contribution from the Racah parameter also increases.
When the same covalent factors are introduced in both
the d∗7 electron and d∗3 hole system, the contribution
of the electrostatic repulsion for the d∗7 system is larger
than that for the d∗3 system. The calculated energy lev-
els for the d∗7 electron system are different from those
for the d∗3 hole system using the same covalent factors.
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Fig. 1. Variation of the energy levels of Co2+ for the d∗3 hole system with the covalent factor ε. The energy levels E are the
difference between the 2S+1Γ term and the ground state 4A2 term: 1, 4T2; 2, 2Ea; 3, 4T1a; 4, 2A1; 5, 4T1b; 6, 2Eb; 7, 2T1c;
8, 2T2c; 9, 2T1d; 10, 2T2d; 11, 2Ec; 12, 2Ed; 13, 2T2e. The fixed values of Dq = 650 cm−1 and Ne = 0.8500 are used in the
calculation.

The Co2+ ion has a 3d7 electron configuration. The
absorption optical spectra of Co2+ in ZnSe were mea-
sured and published in [3] and [4]. From the energy
matrix and equations (4) ∼ (10) using α0 = 80 cm−1,
Nt = 0.8623, Ne = 0.8780 and |Dq| = 612 cm−1, we
have calculated the energy level transitions of Co2+ in
ZnSe by using the d∗7 electron system and the d∗3 hole
system energy matrix, respectively. The results of the
calculation are listed in Table 2. It is obvious that the
results calculated by using the d∗7 electron system, but
not by using the d∗3 hole system, agree well with the
experimental data.

Using the mean-field and multiple corrections
method, Fazzio et al. [2] have studied three lines in
the region 19059 ∼ 20785 cm−1 and obtained three
doublets, 2T1c, 2Ec, 2T2c, in this region. Our calcula-
tion shows that the three doublet lines should be 2T1c,
2T1d, 2T2c in this region, the results are in good agree-
ment with the experimental data. For the tetrahedral
field such as ZnSe Ne is lager than Nt [8] since the co-
valence of the t2g orbital is stronger than that of the eg

Table 2. Energy levels of Co2+ in ZnSe (in cm−1).
ZnSe:Co2+

Calculation Calculation Experiment
(d∗3 hole) (d∗7 electron)

4A2 → 4T2 6551 3499 3500 [3]
4T1a 10766 6074 6000 – 6500 [3]
4T1b 18092 13522 13500 – 14200 [3]
2Ea 11595 11406
2Eb 20248 17263
2Ec 30228 22913
2Ed 44089 39486
2A1 16572 13610
2A2 29079 26026
2T1a 12211 11936
2T1b 19151 16271
2T1c 22588 18826 19034 [4]
2T1d 25412 19472 19589 [4]
2T1e 33303 28251
2T2a 15851 14379
2T2b 18811 16100
2T2c 25831 20497 20492 [4]
2T2d 29766 26413
2T2e 46224 41058

Dq = 612 cm−1 Dq = −612 cm−1,
Nt = 0.8623, Ne = 0.8780 and α = 80 cm−1.
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Fig. 2. Variation of the energy levels of Co2+ for the d∗7 hole system with the covalent factor ε. The energy levels E are the
difference between the 2S+1Γ term and the ground state 4A2 term: 1, 4T2; 2, 2Ea; 3, 4T1a; 4, 2A1; 5, 4T1b; 6, 2Eb; 7, 2T1c; 8,
2T2c; 9, 2T1d; 10, 2Ec; 11, 2T2d; 12, 2Ed; 13, 2T2e. The fixed values of Dq = −650 cm−1 and Ne = 0.8500 are used in the
calculation.

orbital. The different between the t2g and eg orbitals
induce that energy level of the Co2+ ion should be cal-
culated with the d∗7 electron system instead of the d∗3

hole system. That is to say the values of the covalent
factors may affect the calculated result greatly when
the covalence is considered in the investigation of the
optical and magnetic properties, especially in the cal-
culation of the spin-Hamiltonian parameters [10, 11].
This suggests that the d∗7 electron system should be
used to investigate the optical and magnetic properties
of the semiconductor containing Co2+ ion, but the d∗3

hole system should not.

4. Conclusion

For a pure dN electron system, the Racah electro-
static parameter A does not contribute to the energy
levels, since the contribution is identically equal for
all the energy terms. However, the contribution of co-
valence must be considered for the optical and mag-

netic properties in a strong covalence compound. If the
model of distinguishing of the radial parts of the t and e
orbitals of the d electrons has been adopted, one should
calculate the energy levels by using a d∗N electron sys-
tem instead of a pure dN electron system or the d10−N

hole system.
The energy matrix of the d∗7 and d∗3 system has

been obtained and the energy levels of Co2+ for
the d∗7 electron system and d∗3 hole system have
been calculated. The results show that the variation
of the energy levels with the covalence of the d∗7

electron system is much larger than that for the d∗3

hole system and could affect an investigation of the
optical and magnetic properties for a semiconductor
containing Co2+.
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